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Very Persistent Random Walkers Reveal Transitions in Landscape Topology
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We study the typical behavior of random walkers on the microcanonical configuration space of mean-
field disordered systems. Passive walks have an ergodicity-breaking transition at precisely the energy
density associated with the dynamical glass transition, but persistent walks remain ergodic at lower
energies. In models where the energy landscape is thoroughly understood, we show that, in the limit of
infinite persistence time, the ergodicity-breaking transition coincides with a transition in the topology of
microcanonical configuration space. We conjecture that this correspondence generalizes to other models,
and use it to determine the topological transition energy in situations where the landscape properties are

ambiguous.
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Introduction—The notion of an energy landscape and ideas
about its geometry and topology influence our understanding
of diverse phenomena, including glasses [1], spin glasses [2],
proteins [3], evolution [4], ecosystems [5], and machine
learning [6,7]. As landscapes in high-dimensional space,
one cannot understand their geometry and topology by making
atopographical map. Instead, one must make sense of the low-
dimensional shadows they cast, either through projection
along a few important axes [8—11] or by studying kinds of
summary statistics. The most important summary statistic for
understanding complex landscapes is the entropy of their
minima and saddle points, often called complexity [12—15].

The most commonly invoked feature of the complexity is
the level at which the population of minima begins to
outnumber the population of saddle points, known as the
threshold energy E;,. This transition is heuristically thought
as a point of landscape flatness (a geometric property) [16]
and landscape percolation (a topological property), both
important for explaining why the threshold should attract
slow asymptotic dynamics [17]. However, recent work has
called into question the threshold’s monopoly on
flatness [18—22] and its significance to dynamics [19,23,24]
and landscape topology [25].

Here, we focus on a question of topology: at what level in
the landscape do typical points in configuration space
transition from being smoothly connected to being isolated?
To answer this question, we look at the dynamics of random
walkers confined to a specific energy level. If a random walk
from a typical initial condition can travel arbitrarily far from
its starting point, i.e., is ergodic, we conclude that the level set
of the energy, or the microcanonical configuration space at
that energy, is typically connected.
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Unfortunately, the converse is not true: random walks are
often not ergodic on a connected configuration space. We
will see that for passive walkers, there is a direct corre-
spondence between microcanonical and canonical dynam-
ics, with the ergodicity-breaking transition for the random
walk occurring at precisely the energy density of the
dynamical glass transition. The transition is driven by
entropic barriers, not topology: there is nothing remarkable
about the energy landscape at this energy density.

Fortunately, there are other kinds of random walkers.
Persistent or active random walks, where the walker tends
to step in the same direction over a persistence time 7,
appear often in biological and biology-inspired settings
where the walker expends energy to drive itself forward
until its direction is changed either by random noise or by
its own volition [26]. Active systems are known to be good
at crossing barriers, entropic or otherwise [27-30]. Activity
is also known to drive the glass transition to lower
temperatures [31,32]. In what follows, we see that persis-
tent walkers remain ergodic at lower energies than passive
ones. Moreover, we argue that, in the limit of infinite
persistence time, the ergodicity-breaking transition coin-
cides with the transition in the landscape topology from
typically connected to typically disconnected. A cartoon of
this scenario is shown in Fig. 1.

A similar result was recently found in the random
Lorentz gas, a simplified model of the structural glass
transition involving a tracer moving freely between fixed
spherical obstacles of some density. When the tracer is
passive, there is a separation between the densities of the
dynamical glass transition and the percolation transition
[33-35]. On the other hand, an active tracer sees its
ergodicity-breaking transition pushed toward the percola-
tion transition with increasing activity [36]. Our results
suggest this is the manifestation of a generic phenomenon.

© 2026 American Physical Society


https://orcid.org/0000-0002-2163-5609
https://ror.org/0021fvv57
https://ror.org/00987cb86
https://crossmark.crossref.org/dialog/?doi=10.1103/jvpw-csk7&domain=pdf&date_stamp=2026-03-18
https://doi.org/10.1103/jvpw-csk7
https://doi.org/10.1103/jvpw-csk7

PHYSICAL REVIEW LETTERS 136, 117401 (2026)

FIG. 1. The behavior of a passive (black) and persistent (white)
random walker on level sets of a cartoon landscape. The
persistent walker remains ergodic at lower energies than the
passive one. Increasing persistence pushes the ergodic transition
of the walk toward a topological transition of the landscape
associated with the typical connectivity of configurations.

Infinitely persistent activity has also been used to probe
properties of the energy landscape in glasses, both in mean-
field and in finite dimensions [37—40].

The model—We consider the position x €RY of a
random walker driven by Gaussian noise & with zero mean
and with variance

(€i(0&;(s)) = 6,1 = 5) (1)

for a kernel I" depending only on the time difference. In this
Letter we typically use an exponentially decaying kernel,

[() =~ el/o, 2)
70

with characteristic persistence time 7. In the limit of zero
79, I approaches a Dirac § function and the noise is
Markovian, and we say the walker is passive. The walker
moves freely besides two constraints: it is confined to the
sphere ||x||> = N due to the model, and it is confined to the
constant-energy level set H(x) = EN. Such a random walk
can be described by the Langevin equation

o = &) —u(0)x(r) = p()VH (x (1)), (3)

where y and f are time-dependent parameters that adjust
the magnitude of forces perpendicular to the constraint
manifolds in order to prevent the walker from leaving them.
The dynamics of our walker are equivalent to that of an
Ornstein—Uhlenbeck particle traversing the configuration
space [41]. Ignoring the spherical constraint, this frame-
work is general: a system of P active Brownian particles in
d dimensions is captured by configurations x in N = Pd
dimensions concatenating the positions of each particle.

We take our model to be a spherical spin glass, a family
of mean-field models of glassy behavior whose properties
are closely related to the random first order and mode-
coupling theories of the glass transition [42—45]. In
equilibrium, they undergo a dynamical transition that
breaks ergodicity without passing an equilibrium phase
transition. The Hamiltonian H is a random polynomial of
the components of x with independent centered Gaussian
coefficients, or

where the J are centered Gaussian with J? = 1 [46,47]. The
composition of the random polynomial is compactly
encoded in a function f whose series coefficient at order
p gives the relative strength of the degree-p contribution to
H. The function f also gives the covariance between H
evaluated at two different points in space, with

/
A =7 (). 5)
The pure p-spin models have H a homogeneous poly-
nomial of degree p and f(q) =1¢”, while all other
models are referred to as mixed. In this Letter, we refer
to equally appointed mixed models with f(g) =%(¢” +¢°)
as p + s-spin.

The complexity of these models has been extensively
studied [13,14,18,48-52], and so long as there is not replica
symmetry breaking among stationary points [20,53] the
threshold energy below which minima outnumber saddle
points is

1
1
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)
)
In the pure spherical spin glasses the threshold energy is
unambiguously significant in the landscape geometry and
topology because it is a sharp boundary between popula-
tions of minima and saddle points, and this is reflected in its
importance to out-of-equilibrium dynamics [16,17]. In
mixed models the boundary is not sharp, with exponentially
many minima found above the threshold and exponentially
many saddle points found below it. In this setting, the
topological and geometric significance of the threshold is
not obvious. Sketches of the topology of the energy level
sets of pure and mixed models are shown in Fig. 2. We find
that the ergodicity-breaking transition of infinitely persis-
tent random walkers coincides with the threshold in certain
mixed models, conditionally validating its topological
significance.
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FIG. 2. Schematic depiction of the energy level set topology of
spherical spin glasses as energy density is varied. The threshold
Ey, is defined by the energy at which minima begin to outnumber
saddle points. In pure models the level set is connected above Ey,,
while no connected component exists below E,. In mixed models
the breaking up of the level set occurs over a range of energies.
E, is the lowest energy at which a large connected component of
the level set exists [54], while Eg, marks where the Euler
characteristic of the level set changes sign [25]. In pure models,
Ey, = Eqyg = Eg,. An aim of this Letter is to determine the lowest
energy at which typical parts of the level set belong to a large
connected component.

The dynamical equations—We seek asymptotic solutions
to the correlation and response functions resulting from the
Langevin equation (3) averaged over noise € and disorder J
in the limit of large N. If a deterministic source h(t) is
added to the equation of motion, these dynamic order
parameters are

(7)

C(I,S)Z%W’ R(I’S)Z%Z<::;l:x))>

bl
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respectively. We seek time-translation invariant solutions
where the order parameters take the form C(¢+7,7) = C(z),
R(t+7,t)=R(7), u(t) = u, and f(¢) = f independent of r.
The random walk will be judged ergodic if the correlation
function C decays to zero at large time difference z.
Employing standard methods detailed in the End Matter
[55], the typical behavior of the correlation and response
functions averaged over realizations of the noise and of the
disorder obey integrodifferential equations of the form

<§T + //t) C(r)=2 / doT'(z — 6)R(—0)
L / do R(z - 0)f"(C(z - 5))C(o)
L / do f(Cz—0)R(~0).  (8)

(52 +4) R0 =30+ 2 [ doRz = o) Cle o)

X R(0). ©)

along with equations

E=—p / def(COIRE).  1=C(0). (10)

fixing the values of f and u. Together, these equations
imply a generalized fluctuation-dissipation relation of the
form

R(7) = —@(T)/dGF_I(T—G)CI(G), (11)

where © is the Heaviside function and I'"! is the inverse of
I’ under convolution. For the noise kernel (2) with
persistence time 7y, [~'(7) = &(7) — 736" (z), which gives
R(z) = —=0(7)[C'(r) —73C"(7)]. This latter relation
resembles ones previously derived for active Ornstein—
Uhlenbeck particles [41,56]. The generic relation (11)
should hold in general for processes driven by noise (1)
under deterministic forces derived from a potential.

Exact behavior—When 7, = 0 and the random walk is
passive, these dynamical equations correspond to those for
the canonical equilibrium dynamics of the model at the
temperature 7" whose average energy density is E, but with
time rescaled by a constant factor. This implies the
equivalence of the microcanonical and canonical dynamics.
Therefore, the ergodicity-breaking transition of the walker
occurs at the energy density corresponding to the dynami-
cal glass transition temperature 7y, where

o ll—CId/ o fl(Qd)
Td_ 94 f(Qd)? 1 qd_qdf//(qd)’ (12)

which in these models implies Eq = —f(1)/Ty4.

The ergodicity-breaking transition for 7, = 0 does not
correspond to any qualitative change in the microcanonical
configuration space, but rather is a result of entropic
barriers. We can clearly show this in the situation where
the equations are exactly solvable, for the pure 2-spin
model with f(g) = 14*. Here, the energy landscape is not
complex: it has two symmetrically related minima with
energy density £ = —1, and its microcanonical configura-
tion space spans all overlaps and has the same topology for
all energy densities —1 < E < 0. Nevertheless, the dynami-
cal glass transition energy with 75 =0 is Ej = —%, an
unremarkable level in the landscape.

A persistent walker maintains ergodicity to much lower
energy densities. In the solvable 2-spin model, the energy
density of the ergodicity-breaking transition is given as a
function of 7 by

| . /(3
Eeo(79) = -1+ msmh [g sinh 1<§ \/3TO>:|, (13)
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FIG. 3. The ergodicity-breaking transition energy as a function

of persistence time 7, of an active random walker on the
microcanonical configuration space of several spherical spin
glasses. The solid black line is the explicit solution (13) for
the pure 2-spin model, while the points show numeric estimates
for several other models.

which interpolates between Eg,(0) = Eq =—3 and

Eqq4(00) = Ey, = —1 and is plotted in Fig. 3. Therefore,
in the pure 2-spin model an infinitely persistent walker
preserves ergodicity down to the energy density at which a
topological change in the landscape makes ergodicity
impossible. In what follows, we argue that this property
continues to hold in other models.

Numeric solutions—These equations lack an important
feature usually exploited to numerically solve them: (8) at a
given time depends on the value of C for all times previous,
including all negative times. This scenario arises whenever
detailed balance is violated [31,57,58]. Hence one cannot
solve the equations by beginning at 7 = 0 and stepping
forward as is often done. In order to produce numeric
solutions, we solve the equations by iteration starting from
the exact solution for C and R when E = 0. Details of this
procedure can be found in the End Matter.

We estimate the energy of the ergodicity-breaking
transition for a given persistence time 7, by numerically
solving the dynamical equations for successively smaller £
until the Fourier transform of the correlation function C
develops a singularity at C(w = 0), which signals the
presence of a plateau in the correlation function at nonzero
overlap g with the initial condition. Estimates of these
transition energies assuming the divergence of C(0) is a
power law like in equilibrium [59-61] are plotted in Fig. 3
for pure and mixed models. In both, increasing 7, smoothly
interpolates between the dynamical glass transition energy
and the threshold energy where minima begin to outnumber
saddle points.

As the persistence of the walker increases, not only the
energy of the transition changes, but also the overlap
q = C(o0) associated with the loss of ergodicity grows
toward g = 1. This is reflected in Fig. 4, which plots C near
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FIG. 4. The correlation function for the pure 3-spin spherical spin
glass at several values of the persistence time z,. The plateau
overlap g4 of the equilibrium dynamical transition of 7, = 0 is
marked. As 7 increases, the plateau of the ergodicity-breaking
transition moves to higher overlaps. The energies associated
in order of increasing 7z, are —0.8157, —1.0230, —1.1076,
—1.1421, —1.1517, and —1.1538, whereas E4 ~ —0.8165, and
Ey ~ —1.1547.

the transition energy for a variety of persistence times 7.
Each correlation function shows a characteristic bump in
the decay, and the increasing value of C at the bump
indicates the growing ¢g. In the limit of infinite persistence,
the asymptotic overlap at the transition appears to grow to

g = 1. The ratio u/f at the transition approaches /4" (1)
[
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FIG. 5. Energy difference above the threshold energy as a
function of 3/ug, where y is the value of y associated with a free
persistent random walk given by (C2). Each line shows the
behavior at fixed persistence time for 7, = 278,277, ..., 213, with
larger 7, corresponding to lower endpoints. The dashed black line
is an inverse-square power law 2 In the 3 + 5-spin model, a
horizontal line shows the location of E defined in Ref. [25]
where another aspect of the landscape topology undergoes a
transition.

117401-4



PHYSICAL REVIEW LETTERS 136, 117401 (2026)

at infinite persistence time, something perhaps related to
marginality.

We cannot precisely measure the asymptotic energy by
fitting C(0) as a function of E because the power law
associated with its divergence is not known in general.
However, in the exact solution for the pure 2-spin model at
infinite persistence time, the energy is related to the
parameter f by E = Egy + 572+ O(f™*) for f — oo.
This scaling behavior appears to also hold in other models,
which allows us to precisely identify the ergodic transition
at infinite persistence time. This increasingly power-law
approach of the energy to the threshold with increasing z, is
shown in Fig. 5 for the three nontrivial models studied here.
Other prospective transition energies, like that associated
with a topological invariant introduced in Ref. [25], are
clearly ruled out. In all three cases, our data suggest that the
threshold energy Ey, is the ergodic transition energy in the
infinitely persistent limit.

In the pure spherical models the dynamic, geometric, and
topological significance of the threshold energy is not
ambiguous. The fact that at infinite persistence time the
ergodic transition reaches this topologically significant
point leads us to conjecture that this behavior is generic:
that the energy level of the ergodicity-breaking transition
for an infinitely persistent walker is topologically signifi-
cant, in the sense that under it typical points in configu-
ration space do not belong to the same connected
component. Based on this conjecture and the numeric data
discussed above, we therefore conclude that this topologi-
cal transition takes place at Ey, also in the mixed spherical
models examined here.

Conclusions—We have developed a dynamical
mean-field theory of persistent random walks on the
microcanonical configuration space of models with com-
plex landscapes. Based on an exact solution and on
approximate numeric solutions for the well-understood
pure p-spin spherical models, we conjecture that an
infinitely persistent walker remains ergodic until a topo-
logical transition in the configuration space is passed. By
further examining numeric solutions on the less-understood
mixed spherical models, we argue that the ergodicity-
breaking transition at infinite persistence time (and there-
fore the topological transition) occurs at the threshold
energy, where minima first outnumber saddle points.

Given the controversy surrounding the threshold energy
described in the introduction, it may be surprising that we
find it is the level at which the microcanonical configura-
tion space becomes typically disconnected. However, very
recent work suggests that prior conclusions questioning its
dynamic significance may have been based on transient
behavior, at least for the models we describe here [62,63].
But Ey, cannot hold its dynamic significance in all models,
because in some cases it can fall beneath the energy Ey,
proven to bound the performance of polynomial-time
algorithms, including all physical dynamics [64,65].

Since Ey, also is the lowest energy at which any connected
component of the level set exists (see Fig. 2), the topo-
logical transition studied here must also differ from Ejy, for
these models [54]. The importance of E,, results from
the difficulty of dynamics to navigate the landscape in the
absence of a large connected component; given the
elementary greedy nature of gradient descent, we suspect
it stalls when a large connected component becomes
atypical even when this does not correspond to Ejy,.
Understanding the nature of the energy landscape and its
relationship to out-of-equilibrium dynamics in such models
is a priority for future research. We do not expect the
threshold energy usually holds this topological significance
in more structured mean-field models and in finite-dimen-
sional systems.

The conjectured connection between infinite persistence
and topological transitions in configuration space should be
studied in systems outside of mean field. Already, existing
work on the random Lorentz gas is consistent with this
conjecture, though it is also a toy model [36]. Making a
similar analysis of hard or soft spheres may be restricted by
the current understanding of the topological properties of
their configuration space; detailed analysis currently exists
only for systems of relatively few particles, for which all
walks are ergodic [66—-69]. In the absence of direct
topological approaches, this method may advance our
understanding of the topology of configurations in particle
systems. Numeric techniques developed for simulating
infinitely persistent activity [39] may permit the same
analysis in finite-dimensional systems, like active hard-
and soft-sphere glasses [40]. Mean-field liquids may admit
an analytic approach, extending the existing dynamical
mean-field theory for infinitely persistent active fluids [38]
by adding a microcanonical energy constraint.
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End Matter

Deriving the dynamical equations—The procedure for
writing the dynamical equations above is not novel [55],
but it is worth following aspects of it carefully to see
how the generalized fluctuation-dissipation relation
arises. Solutions to the Langevin equation (3) can be
sampled using the path integral

Z:/DnyDﬁcS(g,—6,xt—,u,x,—/3,VH(xz))

<5300 ) o (NE - (s

(0, + py) +ﬂtv2H(xt>]5ts x,0,, VH(x,)8,
X0y 0 0
VH(x,)b,s 0 0

x det

(A1)

The integrand is converted to an exponential function by
writing the 0 functions in their Fourier representations
and by writing the determinant with Grassmann
variables. In this form the noise can be averaged away.
The result is compactly represented with superspace
coordinates: introducing Grassmann indices # and @ and
defining a = (¢, 0, 9), we write

b, =x+ éﬂt +7,0+ 99-’2}’ (A2)
B, = f, + Oy, + 7,0 + 00p,, (A3)
Ay =, + 08, + 9,0 + 06, (A4)

for Grassmann fields #, #, 7, 7, 9, and 9, and auxiliary
real-valued fields ¥, ﬁ, and j. The result is

() = / D¢ DBDA exp{ / da E D,

A=)+ B (VE-H@D) b (a9

The differential operator that produces the kinetic part of
the action is defined by

02 2
Vo gl¥ W
06000

D512>1// =2I % (A6)

0ot ot

where * denotes convolution in the time coordinate.
Averaging over the disorder in H and introducing order
parameters Q,, = (1/N)¢, - ¢,, we find an effective
action

1 1
S(Q,B,A) = /da |:§Aa +BaE:| +§10g det Q
1
+§/da db |:5ah<D¢(12) _Aa>Qab

+ BaBbf(Qab)] . (A7)

Differentiating with respect to the order parameters to
extremize the action results in the equations

0= (D¢(12) _Aa)Qah + /dCBuBcfl(Qac)Qch +Iab’ (AS)

0= [ @bBAf(Qu) T E 0= Qw1 (A9)

The action of the path integral (AS5) is invariant under
the action of the set of operators [72]

= oy Oy oy Oy
Dyy=Tx—+60—, Dy=I'sx—-60—, (Al0
V=50 % =% o (A10)
oy _ oy
Dy =—, Duy=—, All
V=25 V= (A11)
- oy _ oy
[D,a’Dil]—}—W = E’ [DaaDa]+l// - _E (AIZ)

In particular the kinetic term DY = [D,,D,]_. The
symmetry with respect to these operators and their two-
component generalizations D), =D}, + D), D', =D/,+ D},
and [D),.D!,]. = (0/0r) + (0/0ds) imply Ward identities
constraining the order parameters. The resulting Ward
identities imply the vanishing of all fermionic order
parameters, f and ﬁ, and the order parameter
corresponding to X -X. They also imply time-translation
invariance, and the fluctuation-dissipation relation (11) is
implied by the Ward identity associated with D'
Expanding the superspace notation of (A8) and (A9) and
applying these Ward identities results in (8)—(10), with
C(r) = (1/N)x;4. - x, and R(z) = (1/N)x; . - %,

Exact solution for the 2-spin model—For the 2-spin
model, with f(q) =1¢? the dynamical equations are
exactly solvable. Written in Fourier space, they are

(i + p)C(w) = 20 (@)R(0)" + f*C(w)[R(0) + R(w)'].
(iw + p)R(w) = 1+ f*R(w)>. (B1)

This is quadratic in C and R and can be directly solved.
The general solution is not helpful to share here, but the
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ergodicity-breaking transition occurs when f = % U,

where C develops a cusp singularity at @ = 0 and takes
the form

R 1
C — 2 442 2
@) = i T | (7 + oo o)

X \/2|a)| W + @ = 20? — 4/,¢a)2] : (B2)
The spherical constraint requires
1 A V142t — 1
1 = C(0) :/da)C(a)) — VIR g
2n ToM

which implies that

[1 1 3
u==4a 3—Tosinh [§ sinh~! (E V4 3To>] . (B4)

The energy of the transition is then

Ed:—g / dr C(2)R(7) :-4ﬁ / dwC(o)R(w),  (BS)

T

which when evaluated produces the formula in the text.
We can also work directly at 7, = co. Scaling @ with 7,
we find

1#[#‘\/#2—74,32] —4p°

(4p* — ) (1 +12)

lim C(v/z) =

Jim 7 (B6)

This is the Fourier form for a simple exponential.

C(0) =1 gives

2
yo 1t (B7)

N

and then for the energy we have

A N 2 1
lim C(v/79)R(v/79) = —F/——=—, B8
tim QR ) =2 (B
yielding E = —(1+72)"2. The dynamic transition

occurs at ff = oo. This gives the scaling E= -1+
1p72+ O(p™) cited in the main text.

Iteration scheme for numeric solutions—To find
numeric solutions to the dynamical equations, we use an
iterative scheme. We start from the exact solutions for C
and Rat E==0,

0.01F~ .
S ¢ 3-spin
.'.\\ 3 + 4-spin
56 -5 : )--.t~ ~o
5 107y R ° 3+ 5-spin
g o .-..:::_'.‘:.:.y .
B t R TS
k] \:: ~
T 10 o
L "‘;,:~ N
L h‘.':l:.~ ~
10711+ K
0.001 0.010 0.100 1
E-E4

FIG. 6. Estimation of error in the numeric method using results
for 7, = 0, where the equilibrium dynamics imply E = —f (1)
and the error |E — E|/|E4 — E| relative to the distance from the
dynamic transition E4 can be measured. The relative error grows
as E, is approached. The dashed black line shows (E — E4)7>%
and is meant as a guide. The smallest differences £ — Ey;, used in
this Letter are around 2 x 107, where the extrapolated error is
around 2%.

’ual e HoT — Toe—f/ro

. Ry(®)=O(d)e o, (C1)

-3

V1+dry—1
ﬂoZTOO- (C2)

To speed convergence, f is fixed and a numeric estimate
E for the energy determined after convergence. At each
step, the self-energies are computed using the current
estimates of C and R using

2,(0)=FR,(2)f"(Co(7)) Du(z)=p*f(C,(r)).  (C3)

Fourier transforming these functions, we then set C and
R for the next iteration through their Fourier transforms

~ 2[(@) + D, (@)]R, (@) + £,(0)C, (@)
CnJrl(w) = .

lw + :un+l
_ 145, (0)R,(w)
B lCl) +ﬂn+l

’

N

Rn+1 (w) ’ (C4)

where u,, is set by the requirement that C, (0) =1
and is determined by binary search. The iteration is
continued until the integrated root mean square of the
dynamical equations is less than some threshold. We
discretize the Fourier transform using logarithmic
spacing of @, which strongly benefits the precision of
the result [73,74]. The method appears to be
fundamentally unstable for models containing any 2-spin
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component, iterative

methods [75].

For the data presented here, we represented the corre-
lation and response functions using 80-bit floating point
numbers on an evenly log-spaced grid of 2'5 points
spanning the interval (5.9 x 10713, 1.7 x 10'%)/u,y. The
Fourier transforms were made on a domain of 4 x 213
points, padded with the time-reflected function and zeroes.

something long known for

After every step, C and R were cropped in the range [0, 1]
and monotony enforced. The iteration was considered
converged when the rms average over the frequency grid
of the difference between the right- and left-hand sides of
Egs. (8) and (9) fell below 103, Fourier transforms were
carried out using the FFTW library [76]. The code used is
publicly available [70]. An estimate of the error due to the
method with these parameters is shown in Fig. 6.
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